The notion of an co-local functor is used to formulate and prove a theorem which is claimed to encompass Lefschetz's principle in algebraic geometry.
within the scope of the general theorem; this involves checking some algebraic properties, which follow almost automatically from the algebraic geometric definitions, and some logical properties.
Since Lefschetz's principle is a metamathematical statement, some logical considerations are unavoidable but these are simplified and minimized. The only formal language we consider is a first-order infinitary language /,m, which consists of formulas built up from predicate symbols by the use of negation, conjunction of (finite or infinite) sets of formulas, and existential quantification over individual variables. Since we allow ourselves only this first-order language, in which we can refer to elements of a given structure and not to higher-order objects like subsets, functions, etc., we must conceive of the domain of discourse of algebraic geometry as a (many-sorted) structure whose universe contains as elements all the various objects which geometers consider (polynomials, ideals, points, varieties, morphisms, divisors, etc.) and whose relations and functions are all those needed to discuss these objects ("/> is a zero of/"; " V is the domain of 9?", "«=dimension of V", etc.): we conceive of this structure as being constructed by a functor F on the category of universal domains of a fixed characteristic p. The phrase "every result, involving only a finite number of points and of varieties" is made precise by the requirement that F be to-local. Thus our theorem says: if U and U' are two universal domains of the same characteristic then the same sentences of Lxm are true in F(U) and F(U').
The formal details of the theorem, including all the necessary definitions, are given in §1. The application of the theorem to algebraic geometry is discussed in §2, where, also, some additional remarks are made about other versions of Lefschetz's principle.
I thank S. Feferman for some helpful discussions.
1. The theorem. A many-sorted structure 31= (/I, Rx, R2, • ■ ■) consists of a universe A = {Jn<c> An, which is the disjoint union of sets A", together with relations /?, which are subsets of At x-• ■xAi for some «-tuple On * * " » '») £ <*>". The elements of A" are called the elements of sort n; thus a relation /?,-has the property that a given place of R¡ is occupied only by elements of one fixed sort. 33 = (i?, Sx, S2, ■ • •) is a structure of the same type as 31 if for each/ if R¡ is a subset of Aii x • ■ ■ x A¡n then S¡ is a subset of Bjx x ■ ■ ■ x Bj . (We have excluded functions from our structures in order to simplify the discussion slightly; since functions may be regarded as relations there is no loss in generality; however, functions could be added without difficulty.)
The language Lxa corresponding to 31 consists of: for each n<to, a list of variables (of sort n) v[n), v2n), ■ ■ ■ ; for each relation R¡ of 31 a predicate symbol P¡ ; and the set of formulas, defined by induction beginning with the atomic formulas, as follows. An atomic formula is one of the form P¡(v{f^, • • ■ , v'f«'*) where R¡ is a subset of A¿i x • • • x Ain (i.e. the places of Pj must be occupied by variables of the right sort). Then the formulas of Loeo are defined by: an atomic formula is a formula; if 93 is a formula so are ~<p, and 3t4"V; also, for any set O (finite or infinite) of formulas then /\<D is a formula. We define Vv<p to be <~3t>~ç> and \/<S> to bẽ Let ^ be a category whose objects are many-sorted structures, all of the same type, and whose maps are homomorphisms, i.e. functions which preserve sorts of elements and also preserve relations. Let °llp be the category of universal domains of characteristic p and field homomorphisms. If U'^U, let i-.W^U denote the natural inclusion map i. A functor F: i$Zp-><£ is called co-local if it satisfies the following two conditions :
(1) for any nonzero map f:U'-+U in %, F(f):F(U')^F(U) is an embedding, i.e. an isomorphism of F(U') with a substructure of F(U); and (2) whenever i: £/'ç U and X is a finite subset of F(U), there is a U" in ^¿p such that £/'çz {]"<=, U, U" is of finite transcendence degree over U' and if/ U"S U, X^F(j)(F(U")).
We have modified somewhat the definition in [3] to suit our needs.
In particular, the category ^¿P is not closed under substructures, which requires a formulation of (2) different from that in [3] ; also we require in (1) only that the image of an inclusion map under F be an embedding, and not necessarily another inclusion map as in [3] .
A functor F:aUp-^(€ which satisfies (1) is co-local if and only if it preserves direct limits (in the sense of [4] ; cf. [3, Lemma 4(ii)]).
If F is «-local and i:k£ U, we identify F(k) with the substructure F(i)(F(k)) of F(U); thus iff:kx~+k2 where in:knç Un, n=l,2, we regard F(f), via this identification, as a map of substructures of Ux and U2.
The following is a special case of Theorem 6 of [3] .
Theorem. Let p be zero or a prime and let ^lP and ^ be as above. If F-.tftj,-^? is an co-local functor and {/,, U2 are objects of °UP, then F(Ux)=xaF(U2).
Proof.
We prove a stronger result, namely, iff:kx-+kz is an isomorphism and /":&"£ Un, where Un is of infinite transcendence degree over kn, n=l, 2, then for any formula <p The expressions in braces are relations which we include in the structure 3Í=F(¿7) where Ue<%0. Then the above sentence is a sentence of the language Lxta corresponding to 31, and to be able to apply the theorem it suffices to check that F is an co-local functor. Of course we need to define how F operates on maps; this is straightforward It follows directly from the appropriate definitions of [6] that F(f) preserves the relations of 31 (those in braces). Thus Fis a functor. Moreover, it is easy to see that F satisfies part (1) of the definition of an co-local functor. Finally F satisfies part (2) because each sort of element is defined ultimately in terms of a finite number of field elements. (A polynomial has a finite number of coefficients; an ideal has a finite base of polynomials; an affine variety is determined by an ideal; an abstract variety is defined by a finite number of affine varieties and birational maps, etc.) Remark 1. The stronger result stated at the beginning of the proof of the theorem in §1 is also applicable to algebraic geometry. For example, the stronger result implies that a theorem which refers to specific elements of F(Uf) (i.e. involves constants from the structure F(Ux)) is true in F(UA if and only if it is true in any F(U2) where £/,£ ¿72 e ^j,.
Remark 2. It is illuminating to contrast the approach to Lefschetz's principle taken in this paper with that of [2] . The two papers make use of formal languages which are both natural (close to the informal language of algebraic geometry) and powerful (allowing the statement of theorems of algebraic geometry in the formal language). In [2] the language is a complicated higher-order language; quantification over the successive domains An is expressed in terms of new higher-order quantifiers over objects which are "finitely-determined" from previously defined objects. The syntactic-semantic notion of being finitely-determined is a special case of belonging to an An=\F(U)\n constructed by an co-local functor F. Thus the approach of this paper is not only simpler but also theoretically more extensive. For example, the present approach allows one to talk about sheaf-theoretically defined objects even though these do not fit naturally into the type structure of [2] : as long as these objects are constructed by co-local functors, the theorem of §1 applies.
Remark 3. Earlier metamathematical versions of Lefschetz's principle are discussed in §3 of [2] . Some of these, like that using the finitary firstorder language of fields ([2, §3.5]) are lacking in power; others like those using the weak-second order language ([2, §3.2], where its power is underestimated) or the infinitary first-order Löi(0 for fields ([2, §3.3]), are more powerful but are lacking in naturalness.
Remark 4. One of the problems in proving a metamathematical version of Lefschetz's principle is in making precise the scope of the principle: what exactly is algebraic geometry? One may take a pragmatic approach and define classical [i.e. Weil's as opposed to Grothendieck's] algebraic geometry as the contents of [6] ; in fact, that was the starting point for this paper and for [2] . However this paper also suggests that one might define classical algebraic geometry as the study of co-local functors on<8r". Remark 5 . As Seidenberg points out in [5] , there is a stronger formulation of Lefschetz's principle which refers to fields of definition as opposed to universal domains, viz. any theorem of algebraic geometry which is true over one algebraically closed groundfield K of characteristic p (i.e. quantification is interpreted as referring to varieties, cycles, etc. defined over K) is true over any other groundfield of characteristic p (whatever its transcendence degree over the prime field). This stronger principle is certainly false for algebraic geometry as defined in Remark 4 (since we can talk about transcendence degrees in our language), but there are no known interesting geometric theorems for which the stronger principle is false. Seidenberg conjectures that it is valid. The problem remains open of giving a metamathematical proof of it (cf. [2, §3.5]).
